Lecture 07

Linear Quadratic Regulator and Tracking
(LQR and LQT)

November 4, 2026

Acknowledgement: These slides were developed with reference to course materials by
Professor Hugh H. T. Liu.
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If (A, B) is stabilizable and (A, Q*/?) is detectable, then
» the Riccati equation has a unique solution P = pT > 0;
» the closed loop under u = —R_IBTP)_( is asymptotically
stable.

Both hypotheses are needed. Stabilizability alone leaves an
unstable mode that @ cannot see, and no choice of weights will
penalise it. If (A, @'/?) is observable rather than merely
detectable, then P > 0.
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The PI 1 oo
J:2/ ()_(TQ)_(erTRL_:) dt
0
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when the closed-loop system is asymptotically stable, x — 0,
1

Jmin = J* = 5x¢ Pxo
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Design Procedure

1. select @, R
2. solve the Riccati equation for P
3. controller: u = —R~1BT Px
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[Example 1] Consider the same longitudinal pitch pointing flight
control case study that we discussed in the previous chapter, in an
augmented state-space expression format:

& —1.341 09933 | 0 | —0.1689 —0.2518 a 0 0
g 43223 —0.8693 | 0 | —17.251 —1.5766 q )

v | = 1.341 0.0067 | 0| 01689 02518 | | ~ |+| 0 o0 { Z
be 0 00 —20 0 be 20 0 f
b¢ 0 0|0 0 —20 5 0 20
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Step 1) to select @, R where we choose the simple diagonal
matrices to satisfy the symmetric property, with tuning parameters

as follows
1

where the values 0.5,0.1 can be adjusted. Please note the two Os
in the matrix @ elements as they are associated with the actuator
states d, ¢ that are not of the main concern here, and it makes
Q > 0 still valid.
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Step 2) to solve the Riccati equation by using numerical tools (e.g.
1gr from Matlab@), we obtain the symmetric matrix

0.7834  0.0767  0.5449 —0.0400 —0.0052
0.0767  0.0305 0.0312 —0.0122 —-0.0013
P=| 05449 0.0312 0.8041 —0.0109 0.0024
—0.0400 —-0.0122 —-0.0109 0.0065  0.0008
—0.0052 —0.0013 0.0024 0.0008 0.0001
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followed by Step 3) to calculate the state-feedback control law

| —7.9914 —-2.4352 —-2.1845 1.2970 0.1511

K= —1.0350 —-0.2604  0.4774 0.1511 0.0278

that can be confirmed that K = R~1BT P. Finally, the designed
control is implemented, that the closed-loop system response to
the initial condition is illustrated here.

10
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[missing figure]
figures/stevens5_2_3lqr_figl

LQR State-Feedback Closed-loop System Response to Initial
Condition [0.20000]"

11
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2. LQR With Output Feedback

Consider the state-space dynamics:

x = Ax+Bu
y = Cx
u = —Ky=—-KCx

Linear Quadratic Performance Index:

J= ;/ ()_(TQ)_( + L_ITR1_1> dt
0

where Q= Q" >0,R=R7 >0

12
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The closed-loop system:
A.=A-BKC

Assume there exists P = PT > 0 s.t.

SGTPx) = —x7(Q@ + (KC)TR(KC))x

on the other hand,

%()_(TP)_() = %"Px +xTPx
= x"(AlP+PA.)x

= —x7(Q + (KC) "R(KC))x

13
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leading to the Lyapunov equation for the output-feedback loop

ATP — (KC)TBTP + PA — PBKC + (KC)TR(KC) + Q =0

14
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Why the Standard Riccati Form Fails Here

For state feedback the equation collapses to
ATP 4+ PA— PBR!BTP + Q =0 with K = R™!B7TP. That
step is not available here.

It would require KC = R~1BTP. But Kis mx p and C is p x n,
so KC lies in the p-dimensional row space of C, while R"1BTP is
a general m x n matrix. With p < n no such K exists in general:
for the example below the closest K still leaves a 12% residual, in
the actuator states C cannot see.

Output-feedback LQR is a harder problem than state-feedback
LQR. The equation above couples P and K; they must be solved
together by iteration, not in closed form. Only the structure of the
design procedure carries over.

15
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Design Procedure

1. select Q, R;

2. solve the state-feedback Riccati equation for P;

3. take the K that minimises ||[KC — R™'BT P||r, and apply
u=-Ky;

4. verify that A — BKC is stable.

Step 3 is a projection onto the row space of C, not a solution: it
leaves a residual by construction. Step 4 is therefore not optional
— it is the only thing that certifies the design.

16
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[Example 2] Consider the augmented short-period flight dynamics
[stevens2003] (ch5),

& —-1.341 09933 | 0| —0.1689 —0.2518 @ 0 0
9 43.223 —0.8693 | 0 | —17.251 —1.5766 q 0 0
Y| = 1341  0.0067 |0 01689 0.2518 [ | ~ |+| 0 © { Ze }
be 0 0[o0 —20 0 de 20 0 f
b¢ 0 0|0 0 —-20 o¢ 0 20

17
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The output

and the output is identified by y T = [q n, 7],

Q@
q 0 1 0 0 0 q
n, | = | 4776 —0.268 0 —4.56 4.45 %
¥ 0 01 0 0 O

of

18
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Step 1) to select the same Q, R as the one we used in
state-feedback case,

19
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Step 2) to solve the Riccati equation we will get the identical result

0.7834  0.0767  0.5449 —0.0400 —0.0052
0.0767  0.0305 0.0312 —0.0122 —-0.0013
P = 0.5449  0.0312 0.8041 —0.0109 0.0024
—0.0400 —-0.0122 —-0.0109 0.0065  0.0008
—0.0052 —0.0013 0.0024 0.0008 0.0001

20
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followed by Step 3) to calculate the output-feedback control law

| —2.4798 —0.1667 —2.1845

K= —0.2662 —0.0215 0.4774

the least-squares solution of KC = R~1BTP. It leaves a 12%
residual, almost all of it in the d. and d¢ columns that C cannot
see; the closed loop A — BKC is nevertheless stable, which is what
makes the gain usable.

21
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[missing figure]
figures/stevens5_2_3lqr_fig2

LQR Output-Feedback Closed-loop System Response to Initial
Condition [0.20000]"

22
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[Example 3] Consider the augmented lateral flight dynamics

[stevens2003] (ch5),

A3 —0.3220 0.0640
o | 0 0
p —30.6492 0
F 8.5396 0

[ —0.9917  0.0003
0 0
—-0.7333  0.1315

| —0.0319 —0.0620

23

0.0364

1
—3.6784
—0.0254

5]

—0.9917
0.0037
0.6646

—0.4764

N T S @
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consider the actuator dynamics

20.2 :

(53(5) = S_’_020.2Ua or (53 = —20263 + 20.2Ua
20.2 .

(5r(5) = 54—020_2ur or (Sr = —2025r + 20.2Ur

in addition, consider the wash-out filter
s

rw = ry, O fy=F—ry
s+1"7

XW:/rW

XW:rW:r_XW

define the state

24
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Augmented system

8] S
¢ o
p p u
Fol=[A]| r +[B][ }
5, 5. i
5, Sr
_Xw_ L Xw |
P
_rW i
Pl=1al r
B 5,
L ¢ 5.
L Xw |

25
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Design Procedure

Select )
50
100
100

26
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output feedback

p—=

261.5145 —12.2219 —9.2747 —3.6311 0.3003 —0.0701 —0.0000
—12.2219  108.6814 7.2033 0.5808 —0.1530 0.0267 —0.0000
—9.2747 7.2033 6.3687 —0.0284 —0.1258 0.0235 0.0000
—3.6311 0.5808 —0.0284 27.4465 —0.0404 —0.0773 0.0000
0.3003  —0.1530 —0.1258 —0.0404 0.0034 —0.0005 —0.0000
—0.0701 0.0267 0.0235 —0.0773 —0.0005 0.0003 —0.0000
—0.0000  —0.0000 0.0000 0.0000 —0.0000 —0.0000 0

from KC = R—1BT P, obtains

| —4.0789 —-25.4214  60.6684 —30.9080

g= —7.8043 4.7483 —14.1528 5.3901

27
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initial response

[nissing figure]
figures/stevens5_3_11qr_figl

28
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[missing figure]
figures/stevens5_3_1lqr_fig2

29
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[missing figure]
figures/stevens5_3_11qr_fig3

30
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3. Tracking Control Problem

When the output of a system is required to follow (track) a desired
command.

1. if the plant output is to follow a desired trajectory (path), the
problem is referred to as a servo problem;

2. if the desired signal is a prescribed function of time, the
problem is called a tracking problem:;

3. if the desired command is represented by an ideal response to
a given plant (model), the problem is addressed as the
model-following problem

31



AER1202 - ADV FLIGHT DYNAMICS Lecture 07: Linear Quadratic Regulator and Tracking Longhao Qian (©)2026

figures/trackcontrol
» r command (reference)
» u control input

» z performance (to track command)

> y output

32
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4. Linear Quadratic Tracking Control

Consider the state-space dynamics:

x = Ax+ Bu+Er
y = Cx+Fr

z = Hx

u = —Ky

33
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The closed-loop system:

x = (A— BKC)x + (E — BKF)r = Acx + Ber

steady states, output and performance:

Xss = _Ac_chf
Yss = C’fss+Ff
Zss = H)_(ss

define the deviation states:

)_? = )_(_)_(ss
§ = ¥Y—Y¥s=Cx+Fr—Cxs— Fr=C%
Z - Z_ZSSZH)_(—H)_(SSZH):(

34
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Tracking error:

o
I

I~
|

IN

therefore

10
Il
10
N2
Il
|
I
>

—es=(r—2z)—(r—zs)=-

35
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The Deviation System
Take the command r constant, so that xs is fixed and X = 0. The

steady-state terms then cancel:

i = u—ug
— —KCx — KFr — (—chss - KF[)
= —KC(x —xs)=—-KCx

X = x—%s

= Acx+Bcr — (Acxs + Bcr)
= A%

— (A— BKC)%

= A% + Bii

36
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leading to .
x = AX+Bi
j = Cx
§ = Hi=-é
g = -Ky

37
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Linear Quadratic Performance Index:

J = ;/ <gTog+gTRg> dt
0

where Q= HTH=Q" >0, R=R" > 0.
The LQR problem formulation for the deviation system leads to
X — 0, &€ — 0, then the tracking error:

€ — €ss

or z follows r with a steady-state error.

38
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The optimal (minimum) tracking performance index becomes
(leave as an exercise)

1
J = >%] PSo

where P is the solution of the Riccati equation, and Xo = Xo — Xss.

39
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LQ Tracking Design Procedure

Generally speaking, the linear quadratic tracking control follows
the performance index:

J= ;/ <§TQ§—H_ITRL_I) dt
0

to design the control (either state feedback or output feedback)

40
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[Example 4] Consider the short-period flight dynamics for normal
acceleration tracking, and limit the control for d. only
([stevens2003], Section 5.4)

&l [ -1.01887 0.90506 | [ o
gl = 0.82225 —1.07741 | | ¢
~0.00215 | .

—0.17555 | °¢

(67

n, = [16.26 0.9788 | [ ¢ } — 0.048524,

41
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Consider the actuator dynamics

20.2
1) =
e(5) = o202
and AoA sensor measurement:
10
ar(s) = @

Further,e=r—z=r—n,ande= [e

42
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Linear Quadratic Tracking: Deviation system approach

The augmented system:

o' —1.01887 0.90506 —0.00215

0|0 «@
g 0.82225 —1.07741 —0.17555 0|0 q
Se = 0 0 —20.2 0|0 Se
aF 10 0 0 —-10]0 aF
é(e) ~16.26 —0.9788  0.04852 0[]0 €

0 0

0 0

+1 202 [wet| O |r
0 0
0 1

43
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aF 0 0 01 0 3 0
e | 0 1 00 0 s a9,
Y e ~16.26 —0.9788 0.04852 0 O ¢ 1
¢ 0 0 0o 0 1 ]| 0
[ «
q
z=[ 1626 009788 -0.04852 0[O0 ]| &
aF
L €

44
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Consider the performance index:

le/ ()?TQ)?+ﬁTRﬁ>dt
2 ), \& ¥=T= 0

264.3876 15.9153 —0.7889
15,9153  0.9580 —0.0475

Q=HTH=| —0.7889 —0.0475 0.0024
0 0 0
0 0 0

O O O O o
O O O O o

R=1

45
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leading to
ue = —Ky

aF

— —[0 -87503 1.1733 1.0000 |

D Q

46
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[missing figurel
figures/stevens5_4_11q fig2

47
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Linear Quadratic Integral Design: Iqgi (Matlab)

[missing figure]
figures/lqi

48
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By taking into account of the actuation and AoA states,

6 —~1.01887  0.90506 —0.00215 0 o 0
g | _ | 082225 -1.07741 -0.17555 0 g |, 0
be | T 0 0 —20.2 0 Se 202 | Ye
GuF 10 0 0 -10 oF 0
(6%
y=1[ 1626 09788 —0.04852 0 ] 5"
e
aF

49
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Select

264.3876 15.9153 —0.7889
159153  0.9580 —0.0475
—0.7889 —0.0475  0.0024

0 0 0
0 0 0

o-[5" -

0 1

O O O O o
= O O O o

50
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AER1202 - ADV FLIGHT DYNAMICS

According to the LQI structure, control design

X
ue = —K -
T oe(x)

a

q

= — [ —19.4168 —9.5000 0.0846 0| 1.0000 | | de
aF

€

51
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[missing figurel
figures/stevens5_4_1lq_figl
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5. Model-Following Tracking

to design a control system to make the actual aircraft behave like
an ideal model.

53
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5.1 Regulation

Consider the system:

x = Ax+Bu
y = Cx
z = Hx

The ideal (reference) model is represented by:

)_.(m = Am)_(m
Ym = Cm)_(m

Zm = Hm)_(m

54
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the design objective is to minimize the model mismatch error:

55
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the augmented system, let

X
X =
M Xm
[ x ] X
A B
_Z_ R
SHE
- Ym Cm Xm
X
e = [-H Hn]|

and the performance index becomes

J= 2/ ()ch'))g + l._lTRl._l> dt
0

56
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X ’ X
e’ Qe [ -H H, ] Q[ -H H, |
- - Xm X m
;
- x7| pr|el-# Halx
and

57
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5.2 Tracking

Consider the system:

x = Ax+Bu+Er
y = Cx+Fr
z = Hx

The ideal (reference) model is represented by:

)_.(m = Am)_(mTL Emf

Ym = Cm)_(m"‘me

Zm = Hm)_(m

58
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the design objective is to minimize the model mismatch error:

59
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the augmented system, let

)g:

1%
Il
>
>
3
x
X
+
oW
IS
+
m
3 m
I~

1<
I
0
0
3
x
+
h
3 M
I~

1o
Il
\
R o
I
3

60
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Consider the state-space dynamics:

X = AX+Bu+Er

Y = CX+Fr

I
I
1%

e = [-H H,]

u = —KY

61
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The closed-loop system:

X =(A— BRC)X + (E — BRF)r = AX + Ber

steady states, output and performance:

Xss = —(A)'Ber
Xss = C)gss P F-f
€ss —= FIX_SS

define the deviation states:

X = X—Xs
Y = Y- Yu=CX+Fr—CXs—Fr=CX
€ = e—es=HX-HXs=HX
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The Deviation System

12
Il

S
S

@

63
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leading to ]
X = AX +Bi
Y = CX
i = —KY
Linear Quadratic Performance Index:
1 /) c+=2
J = 2/ ()gTo)g+gTRg> dt
0

64
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[Example 5] an automatic landing system ([stevens2003],
Section 5.6)

—(A] 0 |+ 181

> Q9 < 0
>S9 T Q9

where

h~ Ue(6 — ), Us = 250 (fps)
to follow a reference landing profile

hm = —0.3h,, +r

and r =0, hg = 36.67 (ft).

65
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—0.64627 0 10 0

0 0 10 0

A= —0.7739 0 —0.52977 0 [B]= —0.011
—250 250 0 0 0

66
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taking into account the actuation

10
o) = sqgte

tracking error and its integral term:
e = hp—~h

e = [

we also assume the measurement of € through a filter

1
X(s) - 5+ 106

67
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the augmented state-space system:

_ o - S
0 0
q q
h | =Aag | h | +Baygte+ Ehy
Se Oe
X X
€ | €
assume the output feedback:
= Caug + Dhm

TQ ® X

aAx ST 2

68
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We can build the tracking system:

.| X [ Aug E x Baug

= 2] = [ S]] [ B e [
Yy C.; D x

r- hm] [ 0 1} hm]

design control

69
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Initial response to hy = 36.67 (ft), 0y = —2.5 (deg)

[missing figure]

figures/stevens5_6_11q_figl
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[missing figurel
figures/stevens5_6_11q_fig2
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Summary

@ Review: LQR from Lecture 06

@® LQR With Output Feedback

© Tracking Control Problem

O Linear Quadratic Tracking Control

@ Model-Following Tracking
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