Lecture 02
Flight Dynamics and Linearization

September 23, 2026

Acknowledgement: These slides were developed with reference to course materials by
Professor Hugh H. T. Liu.



AER1202 - ADV FLIGHT DYNAMICS

/

Reference
Signal
Generator
Lecture 09

Reference

Tracking

Error | inearized Control Systems

Lecture 02: Flight Dynamics and Linearization

Estimated

v

Lecture 04, 06-08

(=)

State Esti

Lecture 10

Linear
Control
Inputs

Longhao Qian (©)2026

+

Full Nonlinear Aircraft

Lircraft States

Y
Lecture 01-03, 05 + Project

e T




AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization

Contents

@ Rigid-Body Dynamics

@® Applied Flight Forces and Moments

© Flight Dynamics: Linearization

Longhao Qian (©)2026



AER1202 - ADV FLIGHT DYNAMICS

Lecture 02: Flight Dynamics and Linearization

Review: Aircraft Motion

Aircraft Dynamics
(Next Lecture)

Longhao Qian (©)2026

L3:] i “B ZE X ZE
Integration ————  Cjgp Integration | ——
t
w B . wp ('¢'1 01 ¢ .
— Integration —— B Integration (4,0, ¢)




AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Flight Dynamics

» simulation: applied forces and moments
» governing principle: Newton's Second Law

P rigid-body assumption
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1. Rigid-Body Dynamics

A rigid body is composed of numerous little mass elements:

Am;,i=1,...,N. This will allow us to treat the rigid body as a
large collection of particles:

= 1| A =
Ninoo Z mi = /
The position of the centre of mass of the rigid body B is given by

1
rem é - Ldm (1)

mJB

The inertial coordinates have the following properties:

1
Feme = ; /B (Lcm,E +§E)dm — /BSEdm =0 (2)
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Mathematical Definition of Rigid-body And Center of Mass

The coordinate of s in Fg is sg. The inertial coordinate of the
infinitesimal mass element rg is

re=reme+ Cessp
For a rigid body, the time derivative of sg is zero:
SB - Q
Hence, the linear velocity of this mass element is:
Ve=Ftg=Fmp+ Cepwisg = Veme + CeBwjSg

where v, g is the inertial velocity of the center of mass of the
rigid-body.



AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Linear Momentum in Inertial Frame

The total momentum in inertial frame p_ is obtained by volume
integration

N
= lim g Amivg = vedm
Pe = o Km0 4 - TET T E
1=

Bzcm,g + Cepwgsgdm = myv ., g+ Cepwp /BsBdm

= m!cm,E
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Translational Dynamics

Applying Newton's Second Law, the time-derivative of linear
momentum equals the total net applied force.

fE—pE cmE
d
—md CEBchB—mCEB( cmB+wB cmB) (3)

_>fB_m( cmB+wB cmB)

10
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Angular Momentum about CM

The angular momentum (about Point CM) is expressed as
hop = [ 5% dp @)
B
In coordinate form,
h., e Z/S,f—dPE = / CesyCpedm(ve, g + CepwiSp)
B B
Note that for cross product matrix, we have the following identity:

X X X
sg = (Cessg)” = CespChe

11
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X X
hcm,E =Ces /BSBCBE(chf + CEBngg)dm
— X X X
= Ces /B(SBch,B +Spwpsg)dm

= CEB/SEch Bdm—CEB/SESEdem (5)
B ’ B
—_
=0

= Cep [/ —§E§E0’m} wp = Ceplpwp
B
N —
Ig

where I g is called the moment of inertia.

12
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Its matrix expression under a given (body-fixed) frame is:

[ Ixx _Ixy _lxz
O o (6)
_sz _Izy lzz
[ [, p(y* + 2%)dv —f pxydy — |, pxzdv
= — [, pyxdv [, p(z2+x*)dv — [ pyzdv
| — |, pzxdv — [, pzydv [, p(x*+ y?)dv

where p is the body density, sg = [x y z]. I is defined in Fp as
a constant matrix.

13
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Angular Dynamics

Applying Newton's Second Law, the time-derivative of angular
momentum equals the total net applied torque.

Icm,E = hcm,E

d . (7)
= ECEBIBQB = Ceplpwp + Cepwilpwpy

Multiplying Cgg on both sides, we have:

14
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Summarize: Rigid-body dynamics in Fpg

States:

Yp = [qu]T
vg = [uvw]’
Force and torque at cm:

X L
fp=|Y|, T3=Tinp=|M
Z

15
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(10)
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Plugging (3), we have the following translational equations of

motion:
X =m(d+ qw — rv)

Y =m(v+ ru— pw) (12)
Z = m(w + pv — qu)
Plugging (8), we have the following angular equations of motion:
L= lup — y(q—pr) — L(F + pq) — /yZ(q2 - r2) = (ly = lzz)ar

M = /yyq - /yz(’; '\ Pq) - Iyx(p + qr) - sz(r2 - P2) - (/zz - Ixx)pr

N = Izz': . lzx(p - qr) - /zy(d + pr) - Ixy(p2 - q2) - (Ixx - Iyy)Pq
(13)

16
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2. Applied Flight Forces and Moments

» 6DOF motion variables to be solved by 6 sets of differential
equations

» problem solved? Not yet because fg and 75 are still

unknown functions of the aircraft’'s motion. They come from
three physical sources:
» aerodynamic forces/moments: obtained from aerodynamic
coefficients, e.g. C;,
» thrust force: obtained from an engine model
> gravity: the simplest of the three — just the mass times the
gravitational acceleration, expressed in the inertial frame

17
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Forces Must Be Resolved To Fg

In vectorial form:

where zg is the z axis of the Earth-surface frame Fg, xp is the x
axis of the body-fixed frame Fg, xw, yw, Zw are the axes of the

air-trajectory frame F\y, respectively. Resolving all forces to Fpg,

we have:
0 T —-D X
fg=Cpe |O |+ |O|+CrW | Y | =Y (15)
W 0 —L 4

Question: why W not —W ?

18
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Total Moment in Fg

Same convention as the total forces. Resolving all moments to Fg,

we have:
L

T = |M (16)
N

L here is the rolling moment, not lift! — always read it from which
triad it appears in, (X, Y,Z)/(D,Y,L) for forces vs. (L, M, N) for
moments.

1The symbol L is overloaded in flight dynamics: it denotes lift only when
paired with drag D in a wind-axis force expression, and the rolling moment only
when it appears in the moment triad (L, M, N). See Caughey, Introduction to

Aircraft Stability and Control, Cornell M&AE 5070 notes, p.-6.
19



AER1202 - ADV FLIGHT DYNAMICS

Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Non-dimensional Aerodynamic Coefficients

1 .
L= 5pv25q, CL=Cra+C e+ Crog+... (17)

Each term is a stability or control derivative: the sensitivity of a
force/moment coefficient to one motion or control variable, e.g.

Coefficient | Definition | Physical meaning

CL, 0C/0a | Lift-curve slope

G, 0C;/0p | Roll damping

Cp, 0Cp/0a | Drag rise with angle of attack

Cls, 0C1/0de | Lift due to elevator deflection

Cm,, 0Cm/0a | Pitch stiffness (longitudinal static stability)

20
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Obtaining Aerodynamic Coefficients
Aerodynamic coefficients such as C; are not derived analytically —
they are obtained experimentally from wind tunnel testing, or
computationally from CFD (Computational Fluid Dynamics)
simulation.

(a) Wind tunnel test (b) CFD simulation?

2Image sources: wind-tunnel photograph—NASA Ames Research Center, MD-11
12-ft Wind Tunnel Test (1996, public domain); CFD image—reproduced in A. Liu,
The Future of Flying: Explore More Energy-Efficient Airplane Wings, Fig: 3(b)=(2024).

21
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From Derivatives to Coefficients: Longitudinal

Generalizing the C; pattern from two slides ago, each coefficient is
its zero-angle-of-attack value plus the sum of (derivative x
variable):

CL = Cro+ Croa+ Crg+ Créd+ Cuy, e

Cp = CDO + CDaa + CDaeée

Cm = Cmo + Cmo@ + CimyG + Cmy & + Ciny Oe
Cp is usually taken independent of § and &. The elevator

contribution Cp,_d. may also be neglected when the available data
show that it is sufficiently small.

22
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From Derivatives to Coefficients: Lateral-Directional

The same pattern, built from the sideslip and roll /yaw rate
derivatives instead:
Cy = Cy, B+ Cy,p+ Cy, P+ Cy;, 02+ Cy;, 0r
C=C,B+C,p+ C,F+ Cy s+ Cpy 0y
Cn = Cngﬁ + Cnpp\ + Cn,f+ Cnga(sa + Cn(gr(sr

The cross-control derivatives C’ar and C,,ga describe rudder-into-roll
and aileron-into-yaw coupling. They are sometimes neglected when
sufficiently small but are retained here for the general model. Once
these coefficients are known numerically, they plug directly into the
formulas on the next slide.

23
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Computing Aerodynamic Forces and Moments from
Coefficients

Once a coefficient is known numerically — from wind tunnel/CFD
data, or built up from derivatives as on the earlier C; example —
the dimensional force or moment follows by multiplying back by
the same normalization used to define it. Forces pick up one factor
of the reference area S; moments pick up an extra reference length
(C for pitching, b for rolling/yawing):

D=3pV35Cp, L=3pV?SC, Y =35pV3SCy

18
L=1pV2SbC, M=1pV?SeCn, N=3pV2SbC, (49)

24
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Aerodynamic Coefficients: Reference Frame and Point

Critical!

X,Y,Z,L,M, N — and therefore every derivative built from them,
e.g. Cn,, C,p — are defined
» in the body-fixed frame Fg;
» about the center of mass of the aircraft as configured during
the wind-tunnel /CFD /flight test that produced the data.

If the actual aircraft’s cm differs from that reference point (e.g. a
different loading), the moment coefficients must be transferred to
the new cm before use — they do not automatically apply.

25
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Normalized Angular and AOA Rates

The stability derivatives Gy, Cry,, C,, Cp,, etc. are defined with
respect to normalized (nondimensional) rates, not the raw rates in
rad/s — this is what makes them dimensionless and comparable
across aircraft of different size and speed.

Longitudinal rates use the mean aerodynamic chord € as the
reference length:

Rate Dimensional | Normalized | Reference length
Pitch rate q g= gc ¢ (mean chord)
2Ue
»  &C
AOA rat ) Y = c
rate o ! 20L c

26
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Normalized Angular and AOA Rates (cont'd)

Lateral-directional rates use the wingspan b instead — both cases
via the same time scale, £/2U, or b/2U, respectively:

Rate Dimensional | Normalized | Reference length
b
Roll rate p p= P b (span)
2%6
r
Yaw rate f = b
W r r g 20L

27
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A Note on U.: Linear vs. Nonlinear Simulation

» Linearized (small-perturbation) model: U, is a fixed
constant — the one trim airspeed the model was linearized
about. The stability derivatives were measured/computed at
that condition, and the whole framework assumes V/(t) ~ Uk,.

» Full nonlinear 6DOF simulation: replace U, with the
instantaneous airspeed V/(t) everywhere — both in the
dynamic pressure and in the rate normalization:

a0 = V0P a2

This reduces exactly to the linear model when V(t) = U,,
while still giving a sensible answer further from trim.
Caveats: the derivatives are only valid near the reference condition
they were measured at (far excursions need derivative lookup
tables vs. Mach/«); and § = qc/(2V) is numerically ill-behaved as

V — 0 — guard with a minimum-airspeed floor_in code.
28



AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Thrust Model

» Depends on the engine type, e.g. turbojet, turbofan, propeller,
etc.

» A function of the normalized propulsion command ¢,, the
airspeed V' (or Mach number M), and the air density p.
These data are usually obtained from the engine
manufacturer’s performance charts.

Example: a simple turbojet engine thrust model:

T = Tmaxdp (1 _ V:ax> (;) (19)

where T .« is the maximum thrust at sea level, 6, is the
normalized propulsion command, V.« is the maximum airspeed
for the engine, and pg is the air density at sea level.

29
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Thrust Model Cont'd

» The thrust line is typically assumed to pass through the
aircraft’s center of mass, so the thrust force produces no
moment.

» For engines mounted high or low relative to the center of
mass (e.g. podded engines above/below the fuselage), the
thrust line is offset from the center of mass, and this engine
moment must be accounted for in the moment equations.

30
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Summary: Forces and Moments

The total forces and moments acting on the aircraft in the
body-fixed frame Fpg are given by:

0 T -D X
fg=Cpe |0 |+ |0|+CaW | Y |=1|Y (20)
w 0 —L V4
L
7= |M (21)
N

Combining these with the rigid-body dynamics equations in (3)
and (8), we have a complete set of 6DOF nonlinear ODEs that can
be solved numerically to simulate the aircraft's motion.

31
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6DOF Nonlinear Simulation Diagram

Thrust
F&M (19)

Y

State Aero Body Dynamics
Vg, wg, X, O F&M (18) F&M (20), (21) (3). (8)

A A

Rotation Matrices
Csw, Cse Kinematics

(Lect. 01)

Cpge, Cpw: rotation matrices from the Earth and wind frames, respectively, to
the body frame

32
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Flight Simulation is Fun!

o

Fiigt Simistor @
224

g

(a) Microsoft Flight (b) DCS World
Simulator

(c) Simulator cockpit,  (d) Simulator rig, outside
inside view view

33
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3. Flight Dynamics: Linearization

» Since we already have nonlinear 6DOF equations of motion,
why do we need linearization? Answer: linearization is a
powerful tool for analysis and control design.

» How to linearize? The standard approach is to use the small
perturbation principle, which assumes that the aircraft is
flying in a steady flight condition, and the motion variables
are small perturbations about this reference state.

» The longitudinal and lateral-directional motions are decoupled
and can be analyzed separately.

34
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Linearization and the Small Perturbation Principle

» Find an equilibrium flight condition, e.g. straight-and-level
flight, a steady climb, or a steady turn.

» Longitudinal and lateral-directional motions are decoupled,
and can be analyzed separately.

» Use small perturbation principle to linearize the nonlinear
equations of motion about the reference flight condition.

35
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Longitudinal Equations of Motion

Based on the rigid-body dynamics equations in (3) and (8), the
longitudinal equations of motion are given by:

X —mgsinf = m(d+ qw — rv)

Z 4+ mg cosf cos g = m(w + pv — qu)
M = 1, — ly(f — pq) — lx(p + qr)
— I (r? = P?) = (lzz — ho)pr

(22)

36
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Longitudinal Equilibrium Flight Condition

For steady, level flight, we have the following steady-state
conditions:

Ue = UscosBe, ve=0, we= Uesinbe,

pe = 07 qe = 07 re = 07 (23)

9:9e7 zﬁe:Oa (z)e:O
For steady level flight, the equilibrium angle of attack . is given
by:

e = 0, (24)

why?

37
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Longitudinal Equilibrium Flight Condition

In addition, the accelerations are zero:

be=0, Ve=0, We=0,
N N . (25)
pe:07 qe:07 re:0

In Fg, treat ¢ = 0, so the equilibrium forces and moments are
given by:
Xe —mgsinf, =0

Ze + mgcosfe =0 (26)
M, =0

with the aircraft holding these steady (trim) states.

38
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Calculate Trim Conditions
In addition, for steady and level flight, Cgyy = 1.

W=1Lc+ Tesinfo, D.= Tocosb., M.=0 (27)

Define the equilibrium dynamic pressure Q. = %pUg. Hence, we
have the following trim conditions:

Te . w
C C C, 6 ——sinfe — —— =
Lo+ Croae + Cpy, ee-l-QeSsm O 0
Cp, + Cp, e + Cp;_ 0, — L cosf. =0 (28)

QeS
Cimo + Crmy e + Cimg, 6o, = 0

Because 0, = e enters nonlinearly through sin ., cos fe, this
system has no closed-form solution in general — solve it numerically
for (e, de,, Te), €.g. with MATLAB's fsolve nonlinear equation

solver.
39
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Calculate Trim Conditions: Simplified Case
(Tesinfe < W)

Assume Tgsinf. < W (thrust's vertical component negligible
compared to weight, e.g. cruise) — this decouples (a, de,) from
Te, with G, = W/(Q.S):

CL. Cro + Cr e + Cpy de, (29)
0 = G+ Ciyae + Cig e, (30)

leading to

40
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Calculate Trim Conditions: Simplified Case (cont'd)

The angle of attack and elevator angle to trim follow by Cramer’s
rule, with det = C;, Cmée — CL&E Cm,.:

Cmo CL5 + (CLe - CLO)Cm(S
— e e 2
e det (32)
(S — ®_ CmO CLa + Cma(CLe — CLO) (33)
X det

41
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Small Perturbation Principle

» The aircraft is flying in a steady flight condition. For a small
perturbation about this reference state, the motion variables
can be expressed as the sum of the equilibrium value and a
small perturbation.

» For longitudinal motion, define the perturbation variables as
follows:

Small Force and Moment Perturbations:

X = X.+AX

z Z.+ N7

M = M. +tAM =AM
0

42
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Small Motion Perturbations:

U= "Uscosbs+Au, v=0+4+Av, w=U.sinf.+ Aw,
p= pPe tAp=~Ap, q= qe +Aq=Aq, r= re +Ar=Ar
—~— —~— ~—

0 0 0
0=0c+ 06, 6= g +A0=00, = o +A% =AY
e e

Since Ue, Oe, Pe, ge, fe, Ge, We are all constants at the
trim /equilibrium condition, their time derivatives vanish, leaving
only the perturbation to differentiate:
u=A0, v=Av, w=Aw
p=0p, G=Ad, i=Al (34)
0=00, ¢6=200, o=AN0)

43
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Properties of Small Perturbations

Longhao Qian (©)2026

sin(fe + Af) = sinf. cos Af+ cos b sin A
~1 ~A0
sin 0 + Af cos b, (35)
cos(fe + AB) cos . cos A9 — sin 0. sin Af
~1 ~A0O
~ cosl. — Afsin0, (36)

For small perturbations, we can neglect the higher order terms, e.g.

AG? =~ 0. In general, treat any product of two or more
small-perturbation quantities as zero, e.g. AuAa = 0.

44
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Applying the Small Perturbation Principle

According to (22), for longitudinal motion, treat ¢. = 0. Hence, in
the x direction, we have:

Xe + AX — mg sin(fe + A6)
N————
~sin Be+A6 cos O
(37)
=m| Ad+ Uesinf. Ag+ AgAw — ArAv
first order ~0 ~0
Using the equilibrium condition in (26), we have:
Xe — mgsinfe +AX — mg cos 0. A0 = m (A + Ugsinb Aq)
N—
=0
(38)
Hence, the linearized longitudinal equation in the x direction is
given by:
AX — mgcos0. A0 = m (A + Uesinfe Aq) (39)

45
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Applying the Small Perturbation Principle

Following the same procedure, in the z direction, we have:

Zo+ AZ + mg cos(fe + A)
—_——

cos e —A0Osin Oe (40)
= m(Aw + ApAv —Aq(Ue cos b + Au))
~0

Note that AgAu =~ 0, we have the following:

Ze + mgcosle +AZ — mgsin. A = m(Aw — Ue cos 0. Aq)
—_———

=0
(41)

46
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Applying the Small Perturbation Principle

Hence, the linearized longitudinal equation in the z direction is
given by:

AZ — mgsin0.A0 = m(Aw — Ue cos 0. Aq) (42)
For the pitching moment, we have:

M. +AM = 1, AG — I, (F— pq) — I (p+
e WG — 1z (F—pg) — ly (p+qr)

NP B -0 (43)
- IZX(A:) —\A\,D/) — (/zz — Ixx) ApAr
~ ~0 ~0

Hence, the linearized pitching moment equation is given by:

AM = I,,A§ (44)

47
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Why I, = 0 for conventional aircraft?

» Conventional aircraft have bilateral (left-right) mass
symmetry about the x-z plane: every mass element on the
+y side of the fuselage is mirrored by one on the —y side.

» Iy = [ pxydvand |, = [ pyzdv each pair the
symmetry-plane coordinate (x or z) with y — for every mass
element at +y contributing +xy (or +yz), its mirror at —y
contributes the exact negative, so the integral cancels to zero
identically.

> [, = fy,oxz dv survives, since x and z both lie in the
symmetry plane — nothing cancels it.

» This is a geometric property of the mass distribution, true
even in the full nonlinear equations — it is what allows a
wings-level, zero-sideslip trim to exist and longitudinal/lateral
motion to decouple to first order.

48
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Applying the Small Perturbation Principle

From lecture 1, the Euler rate equation is:

¢:5 1 singtanf cos¢tand
0 | =Sz'wg= 1[0 cos¢ —sing | wg
¥ 0 singsecf cos¢psech

ézcosgbq—singbr

Applying the equilibrium condition ¢ = 0, we have:

A) = Ag

49
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Expressing Small Aerodynamic Force and Moment
Perturbations Using Stability Derivatives

Au
AX y Xe Xg Xa X Xq ﬁw
AZ | = | Z0 Z, Zy Zi Ziy Z4 N
AM M, M, M, M; M, M, o
Ag
[ X, X ] 15
Z[se Z(;P |:6e:|
L M‘Se M5p P

50
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Reorganizing the equations into matrix form and dropping the A
notation, with all variables understood to be perturbations from
their equilibrium values, gives the following linearized longitudinal
equations of motion:

Xy —Xuw mUesinfe — Xg mg cos 0 u

—Z, —Zy —(mUecosBe+ Z;) mgsinbe w

M, —M, —M, 0 g

0 0 -1 0 0

A/
(m — X[,) _Xv'v —X"? 0 u X5e X5p
+ —Zl', (m — Z,,'v) —Z['7 0 w _ de Zép { (Se :l
7/\/’[, 7M‘;V (/yy — Mq) 0 q M,;e M,;p 5p
0 0 0 1 0 0 0
N——_— ——
E B’
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Rate derivatives are treated as zero (or negligible compared with
other terms) except Z,, and My, as they are related to the
unsteady change rate of the angle of attack .

> Zero: XL',, Xv'w Xg,, Z,), Z(',, ML',, Mg,

» Nonzero: Z;, M,

m 0 0 0
E_ 0 m—2Z, 0 O
o -M, I, 0
0 0 0 1

E becomes a block diagonal matrix, with the (w, g) block being a
2 X 2 matrix that can be inverted analytically to yield the final
state-space form of the linearized longitudinal equations of motion.
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Closed-Form Inverse of a 2 x 2 Matrix

For a general 2 x 2 matrix,

-1
a b 1 d -—-b
[c d] _ad—bc[—c a] (46)
With rate derivatives dropped except Z,,, My, the (w, q) block of

the mass matrix on the previous slide is exactly of this form, with
a=m-2,, b=0,c=-M;, d=1,:

1

m — Z,,',,
S My
ly(m— Zj)

since det = (m — Zy)ly,, — 0- (=My) = I,,(m — Z,). This is
exactly the factor that turns up dividing every Z, and M, term in
Ajong on the next slide.

-1 0

m—Z.,-,, 0

%58 ¢ ] e
/yy
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The linearized longitudinal equations can then be written in
state-space form as

{( = A/ong’_( + Blongl_’ (49)

where x =[uw q 0]7, u = [6c 6,]T. System matrices Ajyp, and

B ong are given by:

Along = _EilAla Blong = EilBl
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Longitudinal Linearized Model

Along =
Xy X X, .
L = 72— Uesin e
Zy Zy Zg+mUe cosfe
m—2;, m—2,, m—2,,
1 ANV 1 Zo pg) L Zy+mUecosOe o
B (Mot mZeoms) o (Mt i) (Mg + S
0 0 1
B long =
Xse Xsp
m
Zse Zsp
m—2;, m—Z‘%
1 Zs ) 1 5p
(Mo + 25 (M, + 725y
0 0
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—g cosfe
__ mgsinfe
m—2;,
_ 1 (mgsinOepg.
Ty ( m—Z, MW>

(50)
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Lateral Linearized Model

Recall the lateral equilibrium flight conditions:

u=Uecosble+ Au, v=04+Av, w=Uesinf.+ Aw,
p= pe tAp=Ap, q= qe +tAq=Aq, r= re +Ar=Ar
—~— ~— ~—

0 0 0
0=0.+00, 6= ge +Ad =00, U= Y +A0 =AY
s s

Since Ue, O¢, Pe, ge, fe, Ge, Ye are all constants at the
trim /equilibrium condition, their time derivatives vanish, leaving
only the perturbation to differentiate:
u=Au, v=Av, w=Aw
p=0p, G=04, F=AF (51)
0=00, =00, =09
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Lateral Equilibrium Flight Condition

The lateral-directional linearized equations of motion can be
derived using the same procedure as for longitudinal motion.
Applying the small perturbation principle gives

Y + mgcosfsing = m(v+ru— pw)
L = Ixxp - Ixz(’: + pq) - (Iyy - Izz)qr
N = Lt —lpn(p—qr) — (b« — /yy)Pq
The equilibrium flight condition is given by:
Ye=0

Le=0 (52)
Ne =0

58



AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Applying the equilibrium condition in (52), we have:

Ye +AY +mgcosfesin Ap = m(Av+ArUe cos e — ApUe sin 6,)
~~ SN——

=0 ~A¢p
(53)

AY + mg cos 0. Ap — mArUe cos e + mApUe sinf. = mAv (54)

Le + AL = Ly Ap — o (AF + ApAq) — (L — 1) AgAr
~0 ~0 (55)

AL = [ Ap — L, AF
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For yaw motion, we have

Ne + AN = L AF — Ly (Ap — AgAr) — (hy — Iy) ApAg
SN—— SN——

~0 ~0  (56)
AN = I, AF — |, Ap
The roll motion equation is:
$ = p -+ sin ¢ tanfq + cos ¢ tan Or (57)

The small perturbation of roll motion is:

A¢ = Ap + sin Adtan 0. Aq + cos Adtan O Ar
N— — N —
~A ~1 (58)
~ Ap +tan B Ar
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The yaw motion equation is:

1) = sin¢psecHq + cos psecOr (59)
The small perturbation of yaw motion is:

Atp = sin(A¢) sec 0o Aq + cos Apsec O Ar ~ sec O Ar
—— ~——

~AP ~1

(60)
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Similarly, the lateral aerodynamic derivative terms are applied to

lateral force, moments and control,

AY Y, Y, Y,
AL | = | L, L, L
AN N, N, N,

Ys, Yo,

+ | Ls, Ls,

Ns, Ns,
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Lateral Small Perturbation in Matrix Form

Yy —=Yp—mUgsinfe mUecosf. — Y, —mgcosf, v
—-L, —L, —L, 0 p
—N, -N, —-N, 0 r
0 -1 —tanf, 0 ¢
A/
(m — Y\',) 7Yp 7Yr 0 v Yga Y(;,
+ 7Lv (lxx Lp) (Ixz + Lr) 0 P Léa L§, |: 63 ]
—N,; *(lxz + N,',) (Izz — Nr) 0 r Ns, N, Oy
0 0 0 1 10} 0 0
E B
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Rate derivatives are set to zero (or treated as negligible compared
with other terms) in the lateral motion — unlike the longitudinal
case, there is no comparably significant unsteady effect (such as
downwash lag) that motivates keeping any of them.

» Zero: Y\',, Yp, Yr', L",, Lp, Lr', N\',, Np, Nr'
m 0 0 O
0 IXX _lxz 0
0 -, I, O
0 O 0 1

E—

E is already block diagonal, with the (p, r) block being a 2 x 2
matrix that can be inverted analytically (the same closed-form
2 x 2 inverse used for the longitudinal case) to yield the final
state-space form of the linearized lateral equations of motion.
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Closed-form Inverse of the (p, r) Block

The (p, r) block of E is

Ixx _Ixz - _ # Izz Ixz
—le Ty — 12 | he

r
o
using a = Iy, b= —Iz, c = —lyz, d = I, s0
det = Lol — (—h)(—hz) = holzz — 12,. This is exactly the
I, 1., I, combination that appears in every L, and N, term of
A+ on the next slide.
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1/m 0 0 0
o I, I', 0
-1 _ XX Xz

E 0o I, I 0 (64)

0 0 0 1

where
/ / /

b= g = b= ey (65
Ixxlzz \ /32 lxxlzz - /32 Ixxlzz - /32 ( )
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Setting the lateral rate derivatives to zero gives

m 0 0 0
0 |« Iz 0
0 —lhy I O
0 0 0 1

<~ T <

Longhao Qian (©)2026

Yy Yp+ mUesinfe Y, — mUecosfe mgcosfe v
L, Ly L, 0 p
N, N, N, 0 r
0 1 tan . 0 [9)
,A’
Ys, Y,
Ls, Ls, da
T [ or ]
0 0
-1/
B, =EB
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Finally, the linearized lateral-directional equations can be
represented by

)_.( = Alatr)_( + Blatrl_l (66)

where x =[v proé]T, u
Aty =

[05 617,

Yv Y H Yr
Ly £+ Uesinfe - — UecosBe gcosbe

I),(XLV + I)/(ZNV I)/<XLP + l)/(zNP I)/<XLf + />/<er 0
IézNV + I)/<zLV Iz/zNP + I>/<zLP Iész + />/<sz O
1

0 tan 0, 0
(67)
Blatr =
Ys, Ys,
/ o / o
L Ls, + L, Ns, L Ls + 1, Ns, (68)
I3, Ns, + L Ls, 1, Ns, + I, Ls,

0 0
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Sometimes we use the following symbols for a simpler notation,

Yo Vo YVr gcoste Vs, Vs,
o EV £p Er 0 o Laa Lér
A/atr — Nv Np Nr 0 ; B latr — Néa N(S,
0 1 tanf, 0 0 0
(69)
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Apir, Biatr: What the Script Symbols Mean

Each script symbol is shorthand for a specific combination of
dimensional derivatives and the reduced-inertia terms 1., , 12, 1.,
(recall Il = I, /(holzz — 12,), etc.):

Symbol | Full expression Symbol | Full expression
W Yv/m yéa Yéa/m

Yy Yo/m+ Uesinfe || Vs, Ys,/m

Y, Y,/m — Ue cos e

Ly [ocLy + L Ny Ls, [ocLs, + 1 Ns,
‘CP I)ZXLP + l)izNP L5r I)ix L5r + I;zNér
L, L+ 1N,

NV Iz/zNV + /;ZLV Néa /zlzN5a + l)izL5a
NP Iz/zNP + I)ﬁzLP N5r Iz/zN5r + I)ZZL(;,
N, ILN, + 1L,

Note V,, Vr carry the extra Uesin e, Ue cos 0. terms (sideslip-velocity
linearization); every Lo, No mixes Lo and N, via I, — decouples only when
I, = 0.
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How to Obtain Dimensional Derivatives

» Since we have the linearized equations of motion, the final
piece of the puzzle is to calculate dimensional derivatives such
as Z,, using aerodynamic coefficients such as C; .

» Intermediate step: stability derivatives such as C,

Aerodynamic Nondimensional Dimensional
Derivatives Derivatives Derivatives
CLau Cma CXU7 Cmu Xw Mu

(CFD / wind-tunnel) (see R2) (see R2)
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Cx C, Cm G, C Cn
e | G (G Cn,
g |G, G, Cn,
a | G, G, GCn,
q| Gy G Cm,
& | G G G,
Je | Go. Cp. Cums,
B Cyg C/ﬁ Cn 3
/3 Cyp Clp Cnp
e G, G G,
5 G, G, G,
or Cya, C’a, C”é,
5, C. Ci Cos,

Longhao Qian (©)2026

Hats on coefficient subscripts are omitted by convention; for

example, C,, denotes differentiation with respect to Q.

72



AER1202 - ADV FLIGHT DYNAMICS Lecture 02: Flight Dynamics and Linearization Longhao Qian (©)2026

Non-dimensional State Variables

Longitudinal perturbations are normalized by the trim speed U,
and the mean aerodynamic chord c:

Motion Dimensional | Non-dimensional | Scale
. . N u
Axial velocity u 0=— U.
s
Angle of attack w o A U.
e 20,
Pitch rate q g= ac L_/
G
. n ac e
AOA rat =
rate & « 20 z

a ~ w/ U, uses the small-disturbance approximation about the trim
condition.
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Non-dimensional State Variables (cont'd)

Lateral-directional perturbations are normalized by the trim speed
Ue and the wingspan b:

Motion Dimensional | Non-dimensional | Scale
Sideslip v ~ Ul U.
.~ pb 20U,
Roll rat =
oll rate p p 1 b
Yaw rate r F= rb 20,
- 20U, b
L . 2 Bb 2U,
Sidesl t =
ideslip rate I6] 8 20 b

B ~ v/U. uses the small-disturbance approximation about the trim
condition.
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Force Coefficients

Following the NASA aerodynamic convention, the aerodynamic
force and moment coefficients are defined as

X Y 4
Cx—@7 CY—@, CZ—@
C - L M N

@7 Cm = 7@557 Cn = @

where Q = 1pV2 is the dynamic pressure, S the reference (wing)
area, € the mean aerodynamic chord, and b the wingspan.
Convention: X, Y, Z L, M, N contain aerodynamic loads only.
Thrust is represented separately by T or Cr = T/(QS).
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Thrust Model
Under a simplified quasi-steady assumption, the thrust magnitude
is modeled as a function of longitudinal airspeed and throttle

command:
T=T(U,0p), 0<6, <L (70)

» T is the thrust magnitude. The thrust force is assumed to act
along the positive body x-axis:

Fre=[T 0 0.

» U is the component of the air-relative velocity along the body
x-axis. For small angles of attack and sideslip, U ~ V.

» 0p is the normalized propulsion command, from minimum/idle
(0p = 0) to full thrust (5, = 1).

Notation. The assignments, the drone data sheet, and the

supplied MATLAB files write this same throttle command as.d7.
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Thrust Derivatives
Let the dimensional thrust model be T = T (U, ,) and define

Q= 1pl2, CT:Q—TS, a:Uie, U= U, +u.
At equilibrium,
Qe=1pl2, (1. = e o Te=T(Ue,6p,).
QeS
Holding throttle fixed, define
T
Tu—gue7 CTu—aaC;?Te.

Since 0Q/0u|, = 2Qe/U., the chain rule gives

Q.S
- &

U.T,
CT =2 _2CTe < Tu

C RS

(CTu + 2C7—e) .

v
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Equilibrium Stability Coefficients
Here C,,, C;,, Cy,, are aerodynamic coefficients only; thrust is kept
separate following the NASA convention. Let

m
Qe:%pug, CWe:Qi

For steady longitudinal trim, the body-axis force and moment
balances are

Cxe + CTe — CWe sinfe, =0,
C,, + Cy, cosb. =0, —
Cm. =0,

Cxe = CWe sin 99 — CTe,
C,, = —Cyy, cos be.

The same aerodynamic coefficients follow from the
wind-to-body-axis rotation:

Cy, = €, sinae — Cp, cosae > —Cp,,
C,, = —C cosae — Cp,sinae ~ —Cy,.

This assumes thrust acts along +xp through the center of mass.
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Stability Derivative Definitions

Stability derivatives are local slopes evaluated at the equilibrium
condition, with all other independent variables held fixed. For
example,

o _ G | _, 9
X”_a(u/Ue)e_ ¢ du .
_0G, ., 0G
G = ow/Ue)|, Ve w .
0GC,
Ca = da |’
0G| _2U0C
7 0(qc/(2Ue)) |, c 9q|,

Under the small-disturbance approximation oo >~ w/U,, G, ~ C,, .
Here C,, is nondimensional; the dimensional force derivative is

Z, = 0Z/0w|,. These coefficient derivatives are aerodynamic
only; Crt, is kept separate under the NASA convention.
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Longitudinal: General Formulas (1/2)

Differentiate the exact body-axis rotation
Cx = C sina — Cp cos a, C;=—-Cicosa— Cpsina
at the actual trim angle a.. For angle of attack,

Cy, = Cr, sinae + C, cosae — Cp, cosae + Cp, sin e

C,, = —Cp,_ sinae — Cp, cosae — Cp cosae + Cp, sin e
c 0Cnm
me = "/ | -
Oa

e

These expressions retain every sin a and cos ae term and therefore
apply at arbitrary trim angle of attack within the linearization.
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Longitudinal: General Formulas (2/2)

For £ € {u, q, &, 0.}, where rate derivatives are taken with respect
to their normalized variables, the exact rotation gives

Cxe = Cresinae — Cp, cos ae,
C

ze = —CL, cosae — Cp, sin .

The pitching-moment coefficient is unchanged by this rotation, so
each Cp, carries over directly. Thus the formulas retain possible
drag and lift dependence on speed, pitch rate, angle-of-attack rate,
and elevator deflection. No terms are removed by assuming small
e, low Mach number, or negligible drag coupling.
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Final Step: Calculate Dimensional Derivatives
Let X; = QSCy, T = QSC, and Q. = %pUg. Convert the
nondimensional derivatives as follows:
1. Use i = u/U. and 0Q/0u|, =2Qe/Ue:

o QSC)| _ Qs
v ou U,

e

(Cxu + 2CXe) .

2. Apply the same chain rule to thrust:

_ Qs

Tu
Ue

(CTu +2CTe) *

3. Add the aerodynamic and propulsive contributions:

ota. éS
X0t = QT [Ca, + Cr, +2(C + C)] |

4. Using Ao ~ w/Ue, with no thrust dependence on w,

Oda Q.S
“ow U

X = X2 = Q.S G C

Xo

= 1pU.SC,, |
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From Nondimensional to Dimensional: Longitudinal

The axial column gives the derivative of the total axial force
Xiotal = X3 + T; the Z and M columns remain aerodynamic for
thrust along +xp through the center of mass. Assume

Cr = Cr(0,6,).

Xiow () Z[) M (N-m)
spUS|C, + C _

a | IpUISC., IpUIS C., 1pUZSECp,

w %pUeS C, %pUeS G, %pUeSE Cm.,

q %pUeSE Cxq %pUeSE Czq %,OUQSE2 Cmq

& | 7pUSEC,, ipUSEC,, 1pUSE Cor,y

e | 3pUZS G, TpUZS G, 2pUZSE Crns,

Cx,, Cx. remain aerodynamic-only quantities; Ct,, Ct, are added
explicitly to obtain the final X!l M, M, carry an extra factor
of ¢ (vs. X, Z) from the moment arm. The w-row is the a-row

divided by Ue, from o &~ w/U. — use whichever row matches the

chosen state vector.
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Summary: Steps to Obtain Linearized Model

Equilibrium Small Perturbation
Flight Condition Principle

Dimensional
Stability Derivatives
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We now illustrate the development of the dynamic equations of
motion by applying them to the Boeing 747-100 transport aircraft.
The aircraft is cruising in horizontal flight at 40,000 ft and

Mach 0.8 [Etkin1996]. Relevant data are provided below and in
[Heffley1972].
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2.83176 x 10° N
0.247 x 108 kg m?
0.449 x 108 kg m?
—0.212 x 107 kg m?
6.73 x 107 kg m?
2359 m/s

0

0.654

0.0430

86
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The longitudinal dimensional derivatives are listed below. They
include aerodynamic state/control derivatives and the propulsive
control derivative X, :
19 Xe Z¢ M
u(m/s) —1.982x 103 —2.595 x 10* 1.593 x 10*
w(m/s)  4.025x 103  —9.030 x 10* —1.563 x 10°

q(rad/s) 0 —4.524 x 10° —1.521 x 10’

w(m/s?) 0 1.909 x 103 —1.702 x 10*
Je (rad) —16.5209  —1.5794 x 10° —5.204 x 107
6p () 8.4953 x 10° 0 0

Units are the load unit divided by the row-variable unit; for example, X, is in
N/(m/s), Mg is in N-m/(rad/s), and X5, is in N/rad.
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For comparison, the non-dimensional longitudinal derivative terms
are listed below:

Cx C, Cm
0 —0.1080 —0.1060  0.1043
a 0.2193 —4.92 —1.0230
G 0 —5.9210 —23.92
& 0 5.8960 —6.3140
de —3.818x107° —0.3648 —1.444
Sp 0.1962 0 0
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The lateral dimensional aerodynamic and control derivatives are

listed below:
§ Y.ﬁ Lg Ng
v(m/s) —1.610 x 10* —3.062 x 10>  2.131 x 10°
p(rad/s) 0 —~1.076 x 107 —1.33 x 10°
r(rad/s) 0 0.925 x 10°  —8.934 x 10°
8, (rad) 0 —3.532 x 106 —5.095 x 10*

5, (rad)  4.962 x 10°  1.801 x 10°  —3.246 x 107

Units are the load unit divided by the row-variable unit.
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For comparison, the non-dimensional lateral derivative terms are

listed below:
C, G C,
5 —0.8771 —0.2797 0.1946
p 0 —0.3295 —0.0407
7 0 0.3040 —0.2737
5, 0 —1.368 x 1072 —1.973 x 10~*
5, 0.1146  6.976 x 1073 —0.1257
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B747-100: Longitudinal State Matrix

Using g = 9.81 m/s? gives
W
m= — = 2.8866 x 10° kg.
g
For Xjong = [uw q 0]" and 0. = 0, we have we = Uesinf, = 0.

The dimensional derivatives therefore give

—0.006866  0.01394 0 —9.810
A — —0.09050  —0.3149  235.893 0
fong = 10.0003891 —0.003362 —0.4282 0
0 0 1 0

The matrix uses the state units [m/s, m/s, rad/s, rad].
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B747-100: Lateral-Directional State Matrix

With
I, =4.0596x1078 [ =14899x1078 [, = —1.2788x107°,

and xorr = [v p r ¢]7, the dimensional derivatives give

—0.05577 0 —235.900 9.810
—0.01270 —0.4351 0.4143 0
0.003567 —0.006056 —0.1458 0

0 1 0 0

Alatr =

The matrix uses the state units [m/s, rad/s, rad/s, rad].
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Summary

@ Rigid-Body Dynamics

@® Applied Flight Forces and Moments

© Flight Dynamics: Linearization
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