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Closed-Form Body-Rate Transformation
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1. Kinematics

▶ The closed-form inverse of SB .
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The closed-form inverse of SB

 p
q
r

 =

 1 0 − sin θ
0 cosϕ sinϕ cos θ
0 − sinϕ cosϕ cos θ

 ϕ̇

θ̇

ψ̇

 ∆
=SB

 ϕ̇

θ̇

ψ̇


Find the closed-form inverse of the coordinate transformation
matrix:

[x
⃗
B y
⃗
2 z
⃗
1] =

[
x
⃗
B y

⃗
B z

⃗
B

]1 0 − sin θ
0 cosϕ cos θ sinϕ
0 − sinϕ cos θ cosϕ


︸ ︷︷ ︸
coordinate transformation matrix

(1)
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x
⃗
2 = x

⃗
B (2)

y
⃗
2 = cosϕy

⃗
B − sinϕz

⃗
B (3)

z
⃗
1 = − sin θx

⃗
B + cos θ sinϕy

⃗
B + cos θ cosϕz

⃗
B (4)

Multiplying both sides of (3) by cos θ sinϕ and both sides of (4) by
cosϕ gives

cos θ sinϕy
⃗
2 = cos θ sinϕ cosϕy

⃗
B − cos θ sin2 ϕz

⃗
B

cosϕz
⃗
1 = − cosϕ sin θx

⃗
B + cosϕ cos θ sinϕy

⃗
B + cos θ cos2 ϕz

⃗
B

(5)
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Subtracting the first of these from the second,

cosϕz
⃗
1 − cos θ sinϕy

⃗
2 = − cosϕ sin θx

⃗
B + cos θz

⃗
B

→ z
⃗
B = cosϕ tan θx

⃗
B − sinϕy

⃗
2 + cosϕ sec θz

⃗
1

(6)

For y
⃗
B , we divide both sides of (3) by cosϕ, and obtain the

following:

y
⃗
B =

y
⃗
2

cosϕ
+ tanϕz

⃗
B (7)

Plugging in the expression of z
⃗
B from (6), we have

y
⃗
B =

y
⃗
2

cosϕ
+ tanϕ(cosϕ tan θx

⃗
B − sinϕy

⃗
2 + cosϕ sec θz

⃗
1)

= sinϕ tan θx
⃗
B + cosϕy

⃗
2 + sinϕ sec θz

⃗
1

(8)
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[
x
⃗
B y

⃗
B z

⃗
B

]
= [x
⃗
B y
⃗
2 z
⃗
1]

1 sinϕ tan θ cosϕ tan θ
0 cosϕ − sinϕ
0 sinϕ sec θ cosϕ sec θ

 (9)

ω
⃗
= ψ̇z

⃗
1 + θ̇y

⃗
2 + ϕ̇x

⃗
B

[
x
⃗
B y

⃗
B z

⃗
B

]pq
r

 = [x
⃗
B y
⃗
2 z
⃗
1]

 ϕ̇

θ̇

ψ̇


[x
⃗
B y
⃗
2 z
⃗
1]

1 sinϕ tan θ cosϕ tan θ
0 cosϕ − sinϕ
0 sinϕ sec θ cosϕ sec θ


︸ ︷︷ ︸

S
−1
B

pq
r

 = [x
⃗
B y
⃗
2 z
⃗
1]

 ϕ̇

θ̇

ψ̇


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